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Abstract
We prove estimates for the first nonnegative eigenvalue of the Dirac operator on certain manifolds with
SO(k + 1)-symmetry in terms of geometric properties of the manifold. For the proof we employ an abstract
technique which is new in this context and may apply to other cases of manifolds as well.
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1. Introduction
The Dirac operator on a closed n-dimensional Riemannian spin manifold Mn is an essentially self-
adjoint operator with discrete spectrum which can be calculated only in some particular cases (e.g., for
spheres [24], flat tori [13], complex projective spaces [9,10,23], and spherical space forms [4]).
In general, only estimates for the eigenvalues can be obtained. The first general estimate in the case of
a manifold with positive scalar curvature was proved in [14]. In [18] a lower bound for the eigenvalues
of the Dirac operator on manifolds diffeomorphic to Sk+1 with an isometric effective SO(k + 1)-action
was established. Analogous results were derived in [19] for fibrations over S1 and in [1] (see also [2,3])
for certain families of fiber bundles Mn with fiber S1 over closed m-dimensional spin manifolds B .
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2 M. Kraus, C. Tretter / Differential Geometry and its Applications 19 (2003) 1–14In the present paper we use a novel operator theoretic technique in order to prove a lower bound for the
first nonnegative eigenvalue of the Dirac operator on warped products with fiber Sk over m-dimensional
manifolds B with boundary ∂B for arbitrary k and m. Our main result is an estimate for eigenvalues
of weight µ (see Definition 7.1 below) of the Dirac operator DM on a warped product with boundary
M = B ×f Sk (see Definition 2.3). In particular, we prove that the spectrum of DM is symmetric with
respect to 0, that DM has trivial kernel (which need not be the case in general, see, e.g., [6,22]), and that
the smallest nonnegative eigenvalue of DM satisfies the estimate
λ0 
k
2fmax
where fmax :=max{f (x): x ∈ B} is the maximum of the warpe function f . This result is sharp since in
a limiting case it coincides with a well-known upper bound for the first positive eigenvalue of the Dirac
operator on an immersed Riemannian manifold derived in [5,8].
Warped products with boundary are manifolds with effective SO(k + 1)-action which have only two
types of orbits, namely k-spheres and fixed points. For m= 1 examples are surfaces of revolution or the
manifolds considered in [18], for m> 1 examples are spheres with the standard metric or m-dimensional
ellipsoids with SO(k + 1)-symmetry. More exactly, if f :B → R+0 is a C∞-function with f |B0 > 0,
f |∂B ≡ 0, where B0 := B \ ∂B denotes the interior of B , then the closure M = B ×f Sk of the warped
product M0 = B0×f Sk = (B0 ×Sk,mB0 +f 2mSk) with a metric mB0 on B0 and the standard metric mSk
on Sk becomes an (m+ k)-dimensional manifold (under some additional conditions on the metric mB
on B and on f ). M is called warped product with boundary.
The key idea of the proof of our eigenvalue estimate is to decompose the Dirac operator DM0 into
a direct sum of lower-dimensional operators Dµ having a block operator matrix representation which
allows to invoke an abstract theorem on spectral gaps. More precisely, we decompose the Dirac operator
DM0 into a direct sum
DM0 =
⊕
µ∈Specp(DSk )
Dµ
induced by a decomposition of the space of spinors on the fibers Sk into the eigenspaces E(µ,DSk ), µ ∈
Specp(DSk ), of the Dirac operator on Sk . This yields a decomposition of the space of spinors of M into
subspaces Wµ of spinors of weight µ, and the operators Dµ are the restrictions of DM0 to the spaces Wµ.
The operators Dµ lead to systems of partial differential equations and hence the ordinary differential
equations techniques used in [18] cannot be applied here.
However, the operators Dµ admit so-called block operator matrix representations
(1.1)Dµ =
(
Aµ C
C∗ Âµ
)
such that there is a gap around 0 between the spectra of the diagonal operators Aµ and Âµ. This structure
allows to treat the underlying system of partial differential equations by means of an abstract operator
theoretic result proved in [20] which shows that this gap, which coincides with the gap in the spectrum
of the block diagonal operator matrix(
Aµ 0
0 Â
)
,µ
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the smallest nonnegative eigenvalue of each operator Dµ and, by taking the minimum over all µ, also an
estimate of the smallest nonnegative eigenvalue of the operator DM , which is the closure of DM0 .
The paper is organized as follows. In Section 2 we introduce warped products with boundary and
derive the decomposition of the space of spinors thereon. In Section 3 the Dirac operator DM0 on a
warped product M0 = B0×f Sk is expressed formally by means of Dirac operators on the basis B and the
fiberwise Dirac operator D′. In Section 4 we establish the boundary conditions for the operators in (1.1)
which follow from the condition that a spinor over the warped product M0 has to have a continuous
extension to M , more exactly, DM is the closure of the restriction of DM0 to all spinors over B0×f Sk with
this property. In Section 5, the operator theoretic result about the spectral gap of certain block operator
matrices is presented. In Section 6 we establish the direct sum decomposition of the above mentioned
restriction of DM0 into block operator matrices satisfying the assumptions of Section 5. Applying the
abstract theorem of Section 5 to the block operator matrices in this decomposition, we obtain our main
result about the eigenvalues of the Dirac operator DM in Section 7, and we show that this estimate is
sharp.
2. The decomposition of the space of spinors
The manifolds considered in this paper are warped products over a basis manifold B with boundary
which has a certain metric.
Definition 2.1. A Riemannian manifold B with boundary ∂B is said to have a warped collar if there
exists a neighbourhood U of ∂B of the form
U = ∂Bg× [0, ε) :=
(
∂B × [0, ε), g2m0 + dt2
)
,
where ε > 0, m0 is a metric on ∂B and g : [0, ε)→ R+ is the restriction of an even C∞-function on
(−ε, ε) with g(0)= 1.
Lemma 2.2. Let B be an m-dimensional Riemannian manifold with boundary and warped collar
U = ∂Bg× [0, ε). Let f :B→R+0 be a C∞-function with
f |B0 > 0, f |∂B ≡ 0
and such that on U the function f (x, ·)= f does not depend on x ∈ ∂B and is the restriction of an odd
C∞-function on (−ε, ε) with f ′(0)= 1.
Then the closure of the warped product M0 := B0 ×f Sk is an (m+ k)-dimensional manifold denoted
by B ×f Sk .
Proof. A neighbourhood of ∂B ⊂ B×f Sk is given by ∂Bg˜× (Dk+1ε ,mf ) where g˜ :Dk+1ε →R+ is given
by g˜(x) := g(|x|) and the metric mf on the ε-disc Dk+1ε is determined by (Dk+1ε ,mf )= [0, ε)×f Sk . ✷
Definition 2.3. Let B and f be given as in Lemma 2.2. Then the manifold B ×f Sk is called warped
product with boundary (with basis B and warpe function f ). If B ×f Sk is a spin manifold, we call
B ×f Sk a spin warped product with boundary.
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fiber, horizontal and vertical vectors correspondingly.
For k > 1, we have for the first homology H1(B ×f Sk) = H1(B ×f Sk \ ∂B) and hence the spin
structures of B×f Sk are in one-to-one correspondence with the spin structures of B0×f Sk and therefore
with the spin structures on B0.
The spinor calculus for warped products with 1-dimensional basis has been discussed in [7, p. 18]
and [6], the formulas for the Clifford multiplication on products have been established in [11] and more
explicitly in [17]. In [15] the spinor calculus on products has been worked out in some special dimensions.
In the sequel we summarize these and present the spinor calculus on warped products M0 = B0 ×f Sk
over an m-dimensional basis B . We use the following notations:
Notation. For a Riemannian spin manifold X we denote by PX the frame bundle over X, by QX a spin
structure of PX and by ΣX the corresponding spinor bundle.
Let π1 :M0 → B0 and π2 :M0 → Sk denote the canonical projections. Then the frame bundle PM0 has
a reduction π∗1PB0 ×M0 P ′ to the structure group SO(m) × SO(k) where P ′ ∼= π∗2PSk is the bundle of
vertical orthogonal frames. Therefore a spin structure QB0 on B0 induces a spin structure QM0 on M0 by
QM0 = (π∗1QB0 ×M0 Q′)×Spin(m)×Spin(k) Spin(m+ k)
where is Q′ ∼= π∗2QSk is a Spin(k)-version of P ′. We denote by Σ ′ →M0 the fiberwise spinor bundle
given by Q′ ×Spin(k)  k. Then Σ ′ ∼= π∗2ΣSk and
ΣM |M0 = π∗1ΣB0 ⊗Σ ′ ∼= π∗1ΣB0 ⊗ π∗2ΣSk for m or k even,
ΣM |M0 = (π∗1ΣB0 ⊗Σ ′)⊕ (π∗1 Σ̂B0 ⊗Σ ′)
∼= (π∗1ΣB0 ⊗ π∗2ΣSk)⊕ (π∗1 Σ̂B0 ⊗ π∗2ΣSk) for m and k odd.
Here for an n-dimensional manifold X with n odd, we denote by ΣX and Σ̂X the two spinor bundles
given by the two representations of the n-dimensional Clifford algebra Cln.
The Clifford multiplication with vectors X ∈ T Bm, Y ∈ T Sk on spinors ψ1 ⊗ ψ2 ∈ ΓM0(π∗1ΣB0 ⊗
π∗2ΣSk) and ϕ1 ⊗ ϕ2 ∈ (π∗1 Σ̂B0 ⊗ π∗2ΣSk) is given by
X · (ψ1 ⊗ψ2)=X ·ψ1 ⊗ψ2
Y · (ψ1 ⊗ψ2)= ωB0 ·ψ1 ⊗ Y ·ψ2 for m even,
X · (ψ1 ⊗ψ2)=X ·ψ1 ⊗ωSk ·ψ2
Y · (ψ1 ⊗ψ2)=ψ1 ⊗ Y ·ψ2 for m odd, k even,
X · (ψ1 ⊗ψ2 + ϕ1 ⊗ ϕ2)= i
(
η−1(X · ϕ1)⊗ ϕ2 + η(X ·ψ1)⊗ψ2
)
Y · (ψ1 ⊗ψ2 + ϕ1 ⊗ ϕ2)= η−1(ϕ1)⊗ Y · ϕ2 + η(ψ1)⊗ Y ·ψ2 for m,k odd.
Here, for an even-dimensional manifold A with local orthonormal basis e1, . . . , ea , ωA := ia/2e1 · · ·ea
denotes the complex volume element, and for an odd-dimensional manifold A we denote by η :ΣA → Σ̂A
the canonical isomorphism with η(v ·ψ)=−v · η(ψ).
The Dirac operator DSk on the sphere Sk induces an operator D′ on Σ ′ = π∗2ΣSk by
(D′ψ)(b, ·)=Df (b)Sk(ψ |{b}×f (b)Sk),
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an r(µ)-dimensional vector bundle Eµ→ B0 by
(Eµ)b :=E
(
µ
f (b)
,D′|{b}×f (b)Sk
)
,
where E( µ
f (b)
,D′|{b}×f (b)Sk) denotes the eigenspace of the fiber Dirac operator restricted to {b}×f (b)Sk .
Let (σµ,1, . . . , σµ,r(µ)) be an orthonormal basis of E(µ,DSk ). Then
(2.1)(σ ′µ,1, . . . , σ ′µ,r(µ)) with σ ′µ,i :=
π∗2σµ,i
f k/2
is a trivialisation of Eµ by fiberwise orthonormal sections. Therefore we get a decomposition of the space
of sections
ΓM0(Σ
′)=
⊕
µ∈Specp(DSk )
ΓB0(Eµ)=
⊕
µ∈Specp(DSk )
ΓB0
(
B0 ×Cr(µ)
)
as every (continuous) section ψ ∈ ΓM0(Σ ′) has a decomposition ψ =
∑
µ ϑµσ
′
µ with (continuous)
functions ϑµ on B0.
In the same way the spinor space over the warped product M0 decomposes as
ΓM0(ΣM |M0)=
⊕
µ∈Specp(DSk )
ΓB0(ΣB0 ⊗ Eµ) for m or k even,
ΓM0(ΣM |M0)=
⊕
µ∈Specp(DSk )
(
ΓB0(ΣB0 ⊗ Eµ)⊕ ΓB0(Σ̂B0 ⊗ Eµ)
)
for m and k odd.
Definition 2.4. Let ψ ∈ ΓM(ΣM) and µ ∈ Specp(DSk ). Then ψ is called a spinor of weight µ if
ψ |M0 ∈ ΓB0(ΣB0 ⊗ Eµ)= ΓB0
(
ΣB0 ⊗Cr(µ)
)=:Wµ if m even,
ψ |M0 ∈ ΓB0
(
ΣB0 ⊗ (Eµ⊕ E−µ)
)= ΓB0(ΣB0 ⊗C2r(µ))=:Wµ if m odd, k even,
ψ |M0 ∈ ΓB0
((
ΣdB0 ⊗ Eµ
)⊕ (ΣodB0 ⊗ Eµ))= ΓB0((ΣdB0 ⊗Cr(µ))⊕ (ΣodB0 ⊗Cr(µ)))=:Wµ
if m,k odd,
where ΣdB0 and Σ
od
B0
are subbundles of ΣB0 ⊕ Σ̂B0 given by
ΣdB0 :=
{(
ϕ
η(ϕ)
)
: ϕ ∈ΣB0
}
, ΣodB0 :=
{(
ϕ
−η(ϕ)
)
: ϕ ∈ΣB0
}
.
The reason for this definition will become clear in the next section. Note that
(2.2)ΓM0(ΣM0)=
⊕
µ∈Specp(DSk )
Wµ if m even, or m,k odd,
(2.3)ΓM0(ΣM0)=
⊕
µ∈Specp(DSk )∩R+
Wµ if m odd, k even.
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In this section we calculate the Dirac operator on M0 in terms of the Dirac operator on B0 and the fiber
Dirac operator. For details concerning Dirac operators on Riemannian manifolds see [12] or [21].
First we recall some facts about the Levi-Civita connection ∇ on M0. We denote the Levi-Civita
connection on B0 by ∇B0 and by ∇H :Γ T ′M0 → Γ (T ∗B ⊗ T ′M0) the partial covariant derivative in the
bundle of vertical vectors given by ∇HX Y := ∇XY for X ∈ T B0, Y ∈ Γ T ′M0. Furthermore, we denote
by ∇′ the partial covariant derivative in T ′M0 which is given by the Levi-Civita connection on the fibers,
namely ∇′Y1Y2 = ∇f (b)S
k
Y1
Y2 with Y1, Y2 ∈ Γ T ′bM0. Therefore ∇H and ∇′ together define an isometric
linear connection on T ′M .
The second fundamental form II of the fibers is given by II(Yi, Yj ) = −δij gradff for orthonormal
vertical vector fields Yi, Yj . Therefore the classical Gauss formula is
∇YiYj =−δij
gradf
f
+∇′Yi Yj
for orthonormal Yi, Yj ∈ Γ T ′M0. From this we obtain, in the case m or k even, for the covariant derivative
of a spinor ψ = π∗1ψB0 ⊗ψ ′ with ψB0 ∈ ΓΣB0 and ψ ′ ∈ ΓΣ ′,
∇X(π∗1ψB0 ⊗ψ ′)= π∗1∇B0X ψB0 ⊗ψ ′ + π∗1ψB0 ⊗∇HX ψ ′ for X ∈ π∗1T B,
∇Y (π∗1ψB0 ⊗ψ ′)= π∗1ψB0 ⊗∇′Yψ ′ +
1
2
gradf
f
· Y · (π∗1ψB0 ⊗ψ ′) for Y ∈ π∗2TΣSk .
Here the induced covariant derivatives in the spinor bundle are denoted with the same symbol as the
corresponding operators in the tangential bundle, i.e., ∇B0 :ΓΣB0 → Γ (T ∗B0 ⊗ΣB0) is induced by the
Levi-Civita connection on B0 and ∇H :ΓΣ ′ → Γ (π∗1 (T ∗B0)⊗Σ ′) is induced by the covariant derivative
of the Levi-Civita connection on M0 of vertical vectors with respect to horizontal vectors. The formulas
for m and k odd are completely analogous. Therefore the Dirac operator DM0 is given by
DM0(π
∗
1ψB ⊗ψ ′)= π∗1 DB0ψB ⊗ψ ′ + π∗1 (ωB0 ·ψB)⊗D′ψ ′ +
k
2
π∗1
(
gradf
f
·ψB
)
⊗ψ ′
(3.1)+
m∑
i=1
π∗1 (ei ·ψB)⊗∇Hei ψ ′ for m even,
DM0(π
∗
1ψB ⊗ψ ′)= π∗1 DB0ψB ⊗ ωfSk ·ψ ′ + π∗1ψB ⊗D′ψ ′ +
k
2
π∗1
(
gradf
f
·ψB
)
⊗ωfSk ·ψ ′
(3.2)+
m∑
i=1
π∗1 (ei ·ψB)⊗ ωfSk · ∇Hei ψ ′ for m odd, k even,
DM0
(
π∗1ψB ⊗ψ ′
π∗1ϕB ⊗ ϕ′
)
= i
(
η−1(DB0ϕB)⊗ ϕ′
η(DB0ψB)⊗ψ ′
)
+
(
η−1(ϕB)⊗D′ϕ′
η(ψB)⊗D′ψ ′
)
+ ik
2
(
η−1
(gradf
f
· ϕB
)⊗ ϕ′
η
( gradf
f
·ψB
)⊗ψ ′
)
(3.3)+ i
m∑
i=1
(
η−1(ei · ϕB)⊗∇Hei ϕ′
η(ei ·ψB)⊗∇Hei ψ ′
)
for m and k odd,
where DB0 is the Dirac operator on B0 and (e1, . . . , em) is a local orthonormal basis of T B .
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in spinors of weight µ,
DM0 =
⊕
µ
Dµ
with Dµ :=DM0 |Wµ given as follows:
(1) For m even
Dµ =
(
µ/f D+B
D−B −µ/f
)
with respect to the decomposition Wµ = ΓB0(Σ+B0 ⊗ Eµ)⊕ ΓB0(Σ−B0 ⊗ Eµ).(2) For m odd and k even
Dµ =
(
µ/f DB
DB −µ/f
)
on Wµ = ΓB0(ΣB0 ⊗ Eµ)⊕ ΓB0(ΣB0 ⊗ E−µ).
(3) For m odd and k odd
Dµ =
(
µ/f iDB
−iDB −µ/f
)
on Wµ = ΓB0(ΣdB0 ⊗Eµ)⊕ΓB0(ΣodB0 ⊗Eµ), where here DB denotes the sum of the Dirac operators on ΣB0
and Σ̂B0 .
Proof. We use the relation
∇Hei
π∗1ψSk
f k/2
=−k
2
df (ei)
f
π∗1ψSk
f k/2
for ψSk ∈ ΓΣSk . Then the representation in (1) follows from (3.1) and from ωB |Σ±B = ±id|Σ±B . The
formula in (2) is a consequence of (3.2) and the fact that ωSk is an isomorphism from E(µ,DSk ) to
E(−µ,DSk ). In the case (3) when m and k are odd we use the fact that the isomorphism η anti-commutes
with the Dirac operators on B0. Thus (3.3) gives
DM0
((
ψB
±η(ψB)
)
⊗ σ ′µ,i
)
= i
( ∓DB0ψB
η(DB0ψB)
)
⊗ σ ′µ,i +
( ±ψB
η(ψB)
)
⊗ µ
f
σ ′µ,i
where σ ′µ,i is defined as in (2.1). ✷
4. The boundary conditions
In the last two sections we have considered the space of spinors and the Dirac operator on M0 =
M \ ∂B = B0 ×f Sk . Obviously, not every spinor on M0 defines a continuous spinor on M . In the
following theorem we establish a necessary condition for a spinor to have a continuous extension to M .
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ψ ∈ ΓB0
(
ΣBm ⊗Cr(µ)
) for m even,
ψ ∈ ΓB0
(
ΣBm ⊗C2r(µ)
) for m odd, k even,
ψ ∈ ΓB0
((
ΣdBm ⊗Cr(µ)
)⊕ (ΣodBm ⊗Cr(µ))) for m and k odd.
If ψ has a continuous extension to a spinor on M , then for each of the components ψi of ψ
(4.1)lim
t→0
ψi(x, t)
f k/2(t)
exists for (x, t) ∈ ∂Bg × (0, ε).
Proof. Let U be a metric collar of ∂B , namely U = ∂Bg ×[0, ε). Then we have U ×f Sk ∼= ∂B×Dk+1.
The restriction of a spinor ψ ∈ ΓM0ΣM0 to (U ×f Sk) \ ∂B is therefore a spinor over ∂B × (Dk+1 \ {0}).
More exactly, in the case m and k even the image of
ψ = π∗1 (θ1ψ∂B + θ2ψˆ∂B)⊗
π∗2σi
f k/2
∈ π∗1ΣB0 ⊗ π∗2ΣSk
with θi ∈C0(0, ε),ψ∂B ∈ ΓΣ∂B and ψˆ∂B ∈ Γ Σ̂∂B under the isomorphism
Σ(U×f Sk)\∂B ∼=
(
π∗3Σ∂B ⊗ π∗4ΣDk+1\{0}
)⊕ (π∗3 Σ̂∂B ⊗ π∗4ΣDk+1\{0})
is given by(
π∗3ψ∂B ⊗ π∗4 θ1
σi
f k/2
)
⊕
(
π∗3 ψˆ∂B ⊗ π∗4 θ2
σi
f k/2
)
and can be extended continuously to U ×f Sk if and only if
θj
σi
f k/2
∈ ΓΣDk+1\{0} = C0
(
Dk+1 \ {0},C2k/2), j = 1,2,
can be extended continuously to ΓΣDk+1 . Here π3 and π4 denote the projections on ∂B and Dk+1,
respectively. The inclusion Sk ↪→ Rk+1 induces an inclusion ΣSk ↪→ΣRk+1 , and the image of σi under
this inclusion is a nonzero map on Sk . Therefore a necessary condition for θj σif k/2 to be continuously
extendable to Dk+1 is that limt→0
θj
f k/2
exists. In all other cases the assertion is proved analogously. ✷
5. An operator theoretic theorem
In this section we present the operator theoretic theorem established in [20] by means of which we are
going to prove eigenvalue estimates for the Dirac operator DM . For the basic operator theoretic notions
used in the following we refer the reader, e.g., to [16].
We consider a Hilbert space H˜=H⊕ Ĥ which is the orthogonal sum of two Hilbert spaces H and Ĥ.
We assume that A˜0 is an (unbounded) operator in H˜ which admits a block operator representation
A˜0 =
(
A C
C∗ D
)
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A˜0 is defined on its natural domain (D(A)∩D(C∗))⊕ (D(C)∩D(D)), and we suppose that this domain
is dense in H˜ and that A˜0 is also closable. The closure of A˜0 is denoted by A˜.
We recall that a point z ∈C is called a point of regular type of A˜ if there exists a constant cz > 0 such
that ∥∥(A˜− z)x˜∥∥ cz‖x˜‖, x˜ ∈D(A˜).
The set of points of regular type of A˜ is denoted by r(A˜). Obviously, if z is a point of regular type of A˜,
then A˜− z is injective and hence z /∈ Specp(A˜).
Theorem 5.1. Suppose the block operator matrix A˜0 is densely defined and closable with closure A˜ and
that there exist positive numbers α, δ such that
(5.1)(Ax, x)  α‖x‖
2, x ∈D(A)∩D(C∗),
(Dxˆ, xˆ)  −δ‖xˆ‖2, xˆ ∈D(C)∩D(D).
Then the strip {z ∈C: −δ <(z) < α} belongs to the set r(A˜) of points of regular type of A˜. In particular,
Specp(A˜)∩ {z ∈C: −δ <(z) < α} = ∅.
Proof. The theorem has been proved in [20] under the assumption that the operators A,C and D are
closed (see Theorem 2.1 therein). The proof carries over without changes to the case that A,C and D are
only closable, but we repeat it for the convenience of the reader.
Let z ∈ C be such that −δ < (z) < α. In order to show that z ∈ r(A˜), it is sufficient to prove that
there exists a constant cz > 0 such that
(5.2)∥∥(A˜0 − z)x˜∥∥ cz‖x˜‖, x˜ ∈D(A˜0).
For if y˜ ∈D(A˜) is arbitrary, then, since A˜ is the closure of A˜0, there exists a sequence (x˜n)∞1 ⊂ D(A˜0)
such that x˜n → y˜, A˜0x˜n → A˜y˜, n → ∞ (see [16, Chapter III, § 5.3]). By (5.2), we know that
‖(A˜0 − z)x˜n‖ cz‖x˜n‖, n ∈N. Taking the limit on both sides, we find that ‖(A˜− z)y˜‖ cz‖y˜‖, that is,
z ∈ r(A˜).
Assume now that there exists no constant cz > 0 with (5.2). Then there exists a sequence (x˜n)∞1 ⊂
D(A˜), ‖x˜n‖ = 1, such that (A˜0 − z)x˜n→ 0, n→∞. With x˜n = (xn, xˆn)t we obtain
(A− z)xn +Cxˆn → 0, C∗xn + (D− z)xˆn→ 0, n→∞,
which implies(
(A− z)xn, xn
)+ (Cxˆn, xn)→ 0, (C∗xn, xˆn)+ ((D− z)xˆn, xˆn)→ 0, n→∞.
If we form the difference of these relations it follows that(
(A− z)xn, xn
)− ((D− z)xˆn, xˆn)+ (Cxˆn, xn)− (Cxˆn, xn)→ 0, n→∞,
whence
(Axn, xn)−(z)‖xn‖2 −(Dxˆn, xˆn)+(z)‖xˆn‖2 → 0, n→∞.
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α −(z))‖xn‖2 + (δ+(z))‖xˆn‖2,
which is strictly positive since −δ <(z) < α and ‖x˜n‖2 = ‖xn‖2 + ‖xˆn‖2 = 1, a contradiction. ✷
6. The Dirac operator onM
The Dirac operator DM on a spin warped product M with boundary in the Hilbert space L2(M,ΣM)
with domain D(DM)=W 12 (M,ΣM) (the first order Sobolev space) is self-adjoint because M is a closed
Riemannian manifold (see [25]).
Denote by Γ∞ex (M0,ΣM0) the set of all C∞-spinors on M0 which possess a continuous extension to M .
Then DM is the closure of the restriction of the Dirac operator on M0 to Γ∞ex (M0,ΣM0):
DM =DM0 |Γ∞ex (M0,ΣM0 ).
Hence DM0 |Γ∞ex (M0,ΣM0 ) is essentially self-adjoint.
Theorem 6.1. For µ ∈ Specp(DSk ) we consider the Hilbert space H˜µ =Hµ⊕ Ĥµ where
Hµ⊕ Ĥµ =

L2(Σ
+
B ⊗Cr(µ))⊕L2(Σ−B ⊗Cr(µ)) for m even,
L2(ΣB ⊗Cr(µ))⊕L2(ΣB ⊗Cr(µ)) for m odd, k even,
L2(Σ
d
B ⊗Cr(µ))⊕L2(ΣodB ⊗Cr(µ)) for m and k odd,
and for simplicity we write L2 and W 12 for L2-spaces and first order Sobolev spaces when the underlying
space determined by Hµ or Ĥµ is clear. We introduce the operators
Aµ :Hµ→Hµ, D(Aµ)=
{
Ψ1 ∈Hµ: 1
f
Ψ1 ∈L2
}
, AµΨ1 = µ
f
Ψ1,
Âµ : Ĥµ→ Ĥµ, D(Âµ)=
{
Ψ2 ∈ Ĥµ: 1
f
Ψ2 ∈L2
}
, ÂµΨ2 = µ
f
Ψ2,
and
C : Ĥµ →Hµ, D(C)=
{
Ψ2 ∈ Ĥµ: Ψ2 ∈W 12 ,Ψ2|∂B = 0
}
,
CΨ2 =
D
+
BΨ2 for m even,
DBΨ2 for m odd, k even,
iDBΨ2 for m and k odd.
Let k > 1. Then the operator DM0 |Γ∞ex (M0,ΣM0 ) has a representation
(6.1)DM0 |Γ∞ex (M0,ΣM0 ) =
(⊕
µ
A˜µ
)∣∣∣∣
Γ∞ex (M0,ΣM0 )
with essentially self-adjoint operators A˜µ in H˜µ which are given by a block operator representation
A˜µ =
(
Aµ C
C∗ −Â
)µ
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Ψ1 ∈Hµ: Ψ1 ∈W 12 ,
1
f
Ψ1 ∈ L2
}
⊕
{
Ψ2 ∈ Ĥµ: Ψ2 ∈W 12 , Ψ2|∂B = 0,
1
f
Ψ2 ∈L2
}
.
Proof. By Theorem 4.1, the components of every spinor ψ ∈ Γ∞ex (M0,ΣM0) satisfy the boundary
condition (4.1). This boundary condition first implies that these components vanish at ∂B , i.e., the two
components of ψ = (Ψ1,Ψ2)t fulfil Dirichlet boundary conditions on the basis manifold B . Secondly, it
shows that, if k > 1,
ε∫
0
∣∣∣∣ 1f (t)Ψi(x, t)
∣∣∣∣2g(t)dt =
ε∫
0
∣∣∣∣Ψi(x, t)f k/2(t)
∣∣∣∣2f k−2(t)g(t)dt  c
ε∫
0
f k−2(t)dt <∞
with a constant c > 0 uniformly in x, i.e., 1
f
Ψi ∈ L2, i = 1,2, due to the assumptions on the warpe
functions g and f (see Definition 2.1 and Lemma 2.2). ✷
7. The eigenvalue estimate
Definition 7.1. An eigenvalue of the Dirac operator on a warped product with boundary is called
eigenvalue of weight µ with µ ∈ Specp(DSk) ∩ R+ if µ is the smallest positive number such that the
corresponding eigenspace contains a spinor of weight µ or −µ.
Theorem 7.2. Let M = B ×f Sk be a warped product with boundary with k > 1. Then the spectrum of
the Dirac operator on M is symmetric with respect to 0, and if λ is an eigenvalue of weight µ we have
the estimate
|λ| µ
fmax
,
where fmax :=max{f (x): x ∈ B}. In particular, the first positive eigenvalue λ0 satisfies
λ0 
k
2fmax
.
Proof. The first assertion is immediate if m is even and if m and k are odd. If m is odd and k is even,
then if (ΨB,1,ΨB,2)t ∈Wµ = Γ ((ΣB⊗Cr(µ))⊕ (ΣB⊗Cr(µ))) is an eigenspinor to the eigenvalue λ, then
(−ΨB,2,ΨB,1)t ∈Wµ is an eigenspinor to the eigenvalue −λ.
For the second assertion we note that if λ is an eigenvalue of DM , i.e., of the closure of the operator
DM0 |Γ∞ex (M0,ΣM0 ), then it is also an eigenvalue of the operator
A :=
⊕
µ
A˜µ
in the representation (6.1). In particular, if λ is an eigenvalue of weight µ > 0 of DM , then it is an
eigenvalue of the operator A˜µ. The operator A˜µ satisfies the assumptions of Theorem 5.1 with
α = δ = µ
fmax
12 M. Kraus, C. Tretter / Differential Geometry and its Applications 19 (2003) 1–14since, for Ψ 1 ∈D(Aµ),(
AµΨ1,Ψ1
)
L2
= µ
∫
B
∣∣∣∣Ψ1f
∣∣∣∣2dB  µfmax∥∥Ψ1∥∥2L2,
and analogously for Âµ. Hence the second assertion ensues from Theorem 5.1. Finally, the last assertion
follows from the fact that every eigenvalue of DM is an eigenvalue of one of the operators A˜µ and
min
µ
{|λ|: λ ∈ Specp(A˜µ)}min{ |µ|
fmax
: µ ∈ Specp(DSk )
}
 k
2fmax
,
where we have used that the smallest eigenvalue in modulus of the Dirac operator on the sphere Sk is k/2
(see [24]). ✷
In the following we show by means of an example that in general the lower bound for the first positive
eigenvalue in the preceding theorem is sharp.
For this, let L > 0, and let DmL be the m-dimensional disc with radius L and UmL := [L,L + π2 ]×sin(t−L)+L Sm−1. Gluing these two manifolds, we set
BmL :=DmL  Sm−1L U
m
L .
Further, we define the warpe function
f :BmL →R
by
f |DmL ≡ 1, f (t, x) := cos(t −L), (t, x) ∈UmL .
On ML := BmL ×f Sk we consider the isometrical immersion
ML →Rm+k+1,
(b, y) !→ (b, ιk(y)), b ∈DmL , y ∈ Sk,
(t, x, y) !→ (( sin(t −L)+L)ιm−1(x), cos(t −L)ιk(y)), (t, x) ∈ UmL , y ∈ Sk,
where ιr :Sr →Rr+1 denotes the canonical immersion.
For an n-dimensional closed oriented hypersurface M isometrically immersed in Rn+1 with mean
curvature H in Rn+1, the following estimate for the smallest eigenvalue in modulus of the Dirac operator
on M holds (see [5,8]):
(7.1)λ2  n
2 ∫
M
H 2 dM
4 volM
.
In the sequel, we calculate the upper bound (7.1) for the smallest positive eigenvalue of the Dirac
operator DML on ML in the limit L→∞.
The mean curvature H on UmL ×f Sk depends only on t ∈ [L,L+ π/2], and for the function h given
by H(t, x)= h(t −L), t ∈ [L,L+ π/2], x ∈ Sm−1 × Sk , we have
h(t)= 1
m+ k
(
k+ 1+ (m− 1) sin t
sin t +L
)
.
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(m+ k)2
∫
ML
H 2 dML = (m+ k)2
(
k2
(m+ k)2L
m volDm volSk
+
π/2∫
0
(cos t)k(sin t +L)m−1h2(t)dt volSm−1 volSk
)
= k2Lm volDmvolSk +O(Lm−1),
and the denominator of (7.1) is given by
4 volML = 4Lm volDm volSk +O
(
Lm−1
)
.
The following remark, which we obtain from (7.1) together with the above calculations and from
the fact that fmax = 1 here, shows that the lower bounds of Theorem 7.2 are sharp in the limiting case
L→∞.
Remark 7.3. The first positive eigenvalue λ0(L) of the Dirac operator on ML satisfies the estimate
λ0(L)
2  k
2
4
+O(L−1).
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